The increased market penetration of renewable energy sources and the rapid development of electric battery storage technologies yield a potential for reducing electricity price volatility while maintaining stability of the power grid. This work presents an algorithmic approach to control battery levels and forward positions to optimally manage power output fluctuations caused by intermittent renewable energy generation. This paper will also explore the effect of battery technology on the firm's optimal trading behaviour in the electricity spot market.
Introduction
The recent proliferation of renewable energies and technological progress in electric battery storage systems create an increasing demand for sound algorithmic solutions to optimal control problems arising in the dispatch optimization of power supply given a storage facility and uncertainty caused by the market prices or/and weather conditions. Such problems are numerically challenging due to high dimensionality of the state spaces involved. This work suggests a quantitative approach to address a growing need for efficient decentralized electricity dispatch and storage.
Let us describe its typical framework. The traditional electricity market players satisfy consumers' energy demand by purchasing electricity in advance, usually taking positions in the so-called day-ahead market (also called the spot market) such that any energy imbalances must be compensated in real-time as they occur. This real-time balancing can either be achieved through complex over-the-counter trading or, more realistically, by transferring supply from or to electricity grid at the so-called real time grid prices. Figure 1 provides a simplified illustration of this optimal control problem. However, in the presence of storage and renewable generation facilities, the problem changes. On this new structure, the agent's control problem now requires simultaneously taking optimal positions and setting optimum energy storage levels as shown in Figure  2 . The decision optimization problem becomes significantly more complex due to the uncertainty stemming from the future battery capacity levels, electricity prices, and output of renewable energy.
Consumer ⇐⇒

Optimal Control
Forward Contracts ⇐⇒ Grid Many renewable energy sources such as wind and solar are notoriously intermittent and unreliable. The potential of energy storage devices to address the highly erratic nature of renewable energy generation [6, 11] and energy demand has been discussed extensively in the literature (see [3, 14, 15, 21, 33] ). Their incorporation into a modern energy grid will encourage more environmentally friendly policies which will also have significant impact on investor atittudes towards firms [27, 9, 28] . The authors of [24] studied the possible usage of battery storage systems to defer costly modifications to the energy grid by addressing peak loads in the power grid. An extensive recent review of available energy storage technologies has been given by [25] and future innovation looks bright. While there exist numerous types of energy storage systems, [3] found that no single storage system consistently outperforms all the others for all types of renewable energy sources and applications. So for the sake of simplicity, this paper will assume that the energy retailer pictured in Figure 2 uses a battery device for storing energy. However, the methods and results contained within this paper can easily be extended for other types of storage technologies or even to the use of multiple types of storage devices. From a real options analysis point of view, the incorporation of energy storage devices into energy grid also poses interesting investment questions. The work done by [1, 5, 23] examined the profitability of investing in energy storage devices. However, [31] questions the suitability of the current real options approach, stating that the risk neutrality assumption may not be appropriate for risk averse investors. The introduction of batteries also gives rise to important optimal stochastic control problems. The optimal dynamic storage and discharge of energy from battery devices has been examined in [13, 22, 26, 32] .
Rather than focusing on capacity investment decision, the present contribu-tion focuses on optimal operational management in terms of energy purchase and dispatch optimization, given a storage device of a fixed capacity. Thereby, we suppose that storage facility is only used for the compensation of any imbalance between consumers' demand, renewable energy generation and an existing financial position. This issue is connected to the market behaviour addressed in [8] in terms of reducing the risk in the sense of [4] , since a storage acts as a safety buffer. The present work helps investigating the effect of battery on forward energy trading. This paper is organized as follows: Section 2 introduces the model while Section 3 frames the main question as a Markov Decision Problem whose numerical solution is outlined in Section 4. Section 5 provides a numerical study of prices which exhibit distinct mean reversion and seasonality. Finally, Section 6.1 examines the impact of battery on the optimal forward energy trading with conclusions provided in Section 7.
Problem Setting
Within a given time horizon t = 0, . . . , T − 1, the net energy demand Q t within each period is the difference between the consumer's demand and the renewable energy output. Given an existing financial position F t , the energy imbalance F t − Q t will be compensated using energy from the battery storage followed by a possible offset through real-time energy from the power grid. That is, in the case of energy surplus F t − Q t ≥ 0, the electricity is first used to charge the battery up to the maximal level and the remaining energy is then supplied to the grid. Similarly, if there is an energy shortage F t − Q t < 0, the required electricity is taken from the battery up to a minimal battery level before the required electricity rest is taken from the grid.
Let us assume that the net demand realization is given by Q t = q t + ε t with zero-mean random variable ε t describing the deviation of the net demand from its predicted level q t and suppose that the financial position is given in terms of F t = q t + l where the quantity l describes a safety margin and stands retailer's decision to buy/sell in the spot market an energy amount q t + l which deviates from the predicted net demand q t by l. Thereby, we model the decision of the retailer in the choice F t = F t (a) of financial positions in terms of the action a ∈ A from a finite set A of all possible actions, each characterized by its specific safety margin l(a). With the assumptions above, given the action a ∈ A, the realized net energy to be balanced is given by
That is, the action a ∈ A determines a certain distribution ν t (a) of the energy volume which must be balanced and is determined as ν t (a) ∼ l(a) − ε t for all a ∈ A. In order to describe the battery storage control, we suggest discretizing the storage levels by a finite set P. Having chosen the action a ∈ A, the imbalance energy F t (a) − Q t = l(a) − ε t follows a distribution ν t (a) which determines for each battery storage level p ∈ P a probability α a p,p ′ that the storage reaches its next-day level p ′ ∈ P. Furthermore, the expected energy excess e a p and shortage e a p are uniquely determined by the current battery level p ∈ P and the action a ∈ A through the imbalance distribution ν t (a). Now let us turn to the costs of energy imbalance. For this, we introduce the random variables 0 ≤ Π t ≤ Π t , t = 0, . . . , T which stand for the sell/buy real time grid prices expected at time t, when the financial position F t (a) is taken. With these definitions, the revenue/costs associated with energy imbalance for the action a ∈ A are modeled by −e a p Π t + e a p Π t . Finally, let us denote by Π t the energy price at time t = 0, . . . , T . Since we assume that all feasible financial positions are given as q t + l(a) with a ∈ A, the position costs for the action a ∈ A are
With assumptions and notations as above, the revenue/loss associated with the action a ∈ A depends on the current price Π t , the expected demand q t , and the recent battery level p ∈ P as
Observe that the term −q t Π t neither depends on the action a nor on battery level p. Thus, we agree that the choice a ∈ A of the optimal safety margin l(a) will depend only on electricity price and re-define the reward as
Note that we also do not consider other revenues associated with income streams due to delivery commitments at fixed price. On this account, the revenue (2.1) serves a vehicle to optimize trading activity in terms of optimal safety margins and does not reflect actual cash flows. The revenue optimization from battery storage management is a typical sequential decision problem under uncertainty. Having chosen at time t = 0, . . . , T −1 an action a ∈ A in the data (p, Π t ) a certain revenue/costs r t (p, Π t , a) is incurred immediately. However, the action a ∈ A also changes the probability of transition to the subsequent states (next battery levels) which influences all future revenues and decisions. Problems of this type are naturally formulated and solved in terms of the so-called Markov Decision Theory. In what follows, we formulate our storage control problem within this standard framework.
Markov Decision Theory for Battery Control
Let us review the classical finite-horizon Markov decision theory following [2] . On a finite time horizon 0, . . . , T , consider a random dynamics whose state x evolves in (measure) space E and is controlled by actions a from a finite action set A. For each a ∈ A, we assume that K a t (x, dx ′ ) is a stochastic transition kernel on E. A mapping π t : E → A which describes the action that the controller takes at time t is called a decision rule. A sequence of decision rules π = (π t )
T −1 t=0 is called a policy. For each initial point x 0 ∈ E and each policy π, there exists a probability measure P x0,π and a stochastic process (X t )
T t=0 such that P x0,π (X 0 = x 0 ) = 1 and
holds for each (measurable) B ⊂ E at all times t = 0, . . . , T − 1. That is, given the system state X t at time t, the action a = π t (X t ) is used to pick the transition probability K a=πt(Xt) t (X t , ·) which randomly drives the system from X t to X t+1 with the distribution K πt(Xt) t (X t , · ). Let us use K a t to denote the one-step transition operator associated with the transition kernel K a t when the action a ∈ A is chosen. In other words, for each action a ∈ A the operator K a t acts on functions v by
whenever the above integrals are well-defined. Now, let us turn to the definition of the control costs. For each time t, we are given the t-step reward function r t : E × A → R, where r t (x, a) represents the reward for applying an action a ∈ A when the state of the system is x ∈ E at time t. At the end of the time horizon, at time T , it is assumed that no action can be taken. Here, if the system is in a state x, a scrap value r T (x), which is described by a pre-specified scrap function r T : E → R, is collected. Given an initial point x 0 , the goal is to maximize the expected finite-horizon total reward
over all possible policies π = (π t )
, where E x0,π denotes the expectation over the controlled Markov chain defined by (3.1). In other words, to find the argument π * = (π * t )
The maximization (3.4) is well-defined under additional assumptions (see [2] , p. 199). The calculation of the optimal policy is addressed in the following setting. For t = 0, . . . , T − 1, introduce the Bellman operator
which acts on each measurable function v : E → R where the integrals K a t v for all a ∈ A exist. Further, consider the Bellman recursion
Under appropriate assumptions, there exists a recursive solution (v * t ) T t=0 to the Bellman recursion, which gives the so-called value functions and determines an optimal policy π * via
Consider now a Markov decision model whose state evolution consists of one discrete and one continuous component. To be more specific, we assume that the state space E = P × R d is the product of a finite space P and the Euclidean space R d . We suppose that the discrete component p ∈ P is driven by a finite number of actions a ∈ A in terms stochastic matrices
stands for the transition probability from p ∈ P to p ′ ∈ P if the action a ∈ A was taken. Furthermore, we assume that the continuous state component evolves as an uncontrolled Markov process (Z t ) T t=0 on R d realized on a probability space (Ω, F , P) whose evolution is driven by random linear transformations
with pre-specified independent and integrable disturbance matrices (W t ) T t=1 . In this setting, the transition and the Bellman operators are given by
for t = 0, . . . , T − 1, and a ∈ A. Finally, let us assume that the reward and scrap functions
are convex and globally Lipschitz continuous in the continuous component z ∈ R d of the state variable (p, z). Such Markov decision problems are referred to as convex switching systems (see [17] ). For such system, the backward induction
Numerical Solution and Diagnostics
This paper will use the numerical approaches studied in [17, 18, 20] to solve Markov Decision problems of convex switching type introduced in the previous section. We refer interested readers to those works for a more detailed explanation. However, for the sake of this paper's completeness, this section will briefly outline these methods. The first step in obtaining a numerical solution to the backward induction
is an appropriate discretization of the Bellman operator
For this reason, we consider a modified Bellman operator T n t instead of T t with the expectation E(v(p ′ , W t+1 z)) replaced by its numerical counterpart as
defined in terms of an appropriate distribution sampling
In the resulting modified backward induction
the functions (v t )
T t=0 need to be described by algorithmically tractable objects. We may then approximate these convex functions in terms of piecewise linear and convex functions in the following manner. First, we introduce the so-called sub-gradient envelope S G f of a convex function f :
which is a maximum of the sub-gradients ▽ g f of f on all grid points g ∈ G.
Using sub-gradient envelope operator, we define the double-modified Bellman operator as T
, where the operator S G stands for the sub-gradient envelope on the grid G. The corresponding backward induction
yields the so-called double-modified value functions (v t ) T t=0 which enjoy excellent algorithmic properties. Namely, since the functions (v t ) T t=0 are piece-wise linear and convex, they can be expressed using matrix representations. Note that any piecewise convex function f can be described by a matrix where each of the linear functionals is represented by one of the matrix's rows. To denote this relation, let us agree on the following notation: Given a function f and a matrix F , we write f ∼ F whenever f (z) = max(F z) holds for all z ∈ R d . It turns out that the sub-gradient envelope operation S G on a grid G corresponds to a specific row-rearrangement operator in the following sense
where the row-rearrangement Υ G associated with grid
acts on matrix F with d columns as follows:
For piecewise convex functions, the result of maximization, summation, and composition with linear mapping, followed by sub-gradient envelope can be obtained using their matrix representatives. More precisely, if
holds, it follows that
where the operator ⊔ stands for binding matrices by rows, which yields a matrix whose rows contain all rows from each participating matrix. Using these relations, it turns out that the double-modified backward induction can be rewritten in terms of the row-rearrangement operator Υ = Υ G , binding operator ⊔ and summations, applied to matrix representatives of the double-modified value functions. Let us describe the resulting algorithm.
Given a finite grid G ⊂ R d , implement the row-rearrangement operator Υ = Υ G and the matrix binding operator ⊔. Determine a distribution sampling (W t (n)) N n=1 of each disturbance W t with the corresponding weights (ν
for t = 1, . . . , T . Given reward functions (r t )
T −1 t=0 and scrap value r T , determine the matrix representative of their sub-gradient envelopes
for t = 0, . . . , T − 1, p ∈ P and a ∈ A. Introduce matrix representatives of each value function v t (p, ·) ∼ V t (p) for t = 0, . . . , T , p ∈ P, which are obtained via Algorithm 4.1.
Algorithm 4.1: Value Function Approximation
Having calculated matrix representatives (V t )
T t=0 of the value functions and their expectations are given by
for all z ∈ R d , t = 1, . . . , T , and p ∈ P. Furthermore, an approximately optimal strategy (π t )
T −1 t=0 is obtained for t = 0, . . . , T − 1 as
We utilize an adaptation of the duality techniques developed by C. Rogers [30] (see also [29] , [16] , [10] ), to assess the quality of our numerical solution. In its original formulation, the duality approach provides an upper bound estimate for the unknown value function. This technique has further developed in the context of discrete-time, giving a promising view on duality of stochastic control which was achieved in terms of the so-called information relaxation dual that was pioneered in the seminal paper by Brown, Smith, and Sun [7] .
Here, we follow to the diagnostics method described in [20] whose proofs are found in [18] . Suppose that a candidate (π t )
T −1 t=0 for approximatively optimal policy is given. To estimate its distance-to-optimality, we address the performance gap [v 
The calculation of the expectations
is realized through an efficient recursive Monte-Carlo scheme, which yields approximations to (4.10) along with appropriate confidence intervals. For a practical application of this bound estimation, we assume that an approximate solution yields a candidate (π t ) Estimators for the bounds in (4.9) can be obtained using Algorithm 4.2 below.
Algorithm 4.2: Solution Diagnostics
for t ∈ {T − 1, . . . , 0} do Remark: It is important to note that the convexity and Lipschitz continuity of the reward and scrap functions presented in (2.1) is essential for strong convergence properties of Algorithm 4.1. However, these assumptions are not required for the results from Algorithm 4.2 to be valid. Using an appropriate embedding of the state vector Z t , the state dynamics presented in (3.7) is flexible enough to encompass a wide range of state evolution process including geometric Brownian motion, auto regression of order one and GARCH-like features. In addition, the dynamics presented in (3.7) can be extended to include a more general function specification.
Battery Control for Auto-Regressive State Dynamics
As a demonstration, let us consider a model based on the auto-regressive state dynamics. To cover this process under our framework, we introduce
t ) where the first component equals to one for t = 0, . . . , T and define the linear state dynamics
with constants µ ∈ R, σ ∈ R + and φ ∈ [0, 1], driven by independent standard normally distributed random variables (N t ) T t=1 . Further, we assume that the electricity price (Π t ) T t=0 is governed by the function f : N + × R → R applied to the state process as
In this work, we restrict ourselves to consider deterministic affine linear functions (f (t, ·)) T t=0 to appropriately describe any seasonal pattern of the electricity price, frequently observed in practice.
To model the the consumer's energy demand Q t = q t + ε t realized at time t, we suppose that conditioned on the information at time t, the deviation ε t of the realized demand from its predicted value q t follows a centered normal distribution with a given variance ς 2 ∈ R + . To describe the evolution of the battery storage levels, let us assume that a finite set P describes the storage levels of the battery which are equidistantly spaced between the minimal p = min P and the maximal p = max P level with a step size ∆ > 0 . Furthermore, consider a finite set A of actions along with the function l : A → R prescribing the safety margin l(a) chosen by the retailer's action a ∈ A. According to our assumptions, let us agree that having chosen the action a ∈ A at the current battery level P t , the next level P t+1 is modeled as
from which the transition probabilities in storage levels are induced by the action a are
where N (p + l(a), ς) stands for the probability measure associated with the normal distribution with mean p + l(a) and variance ς 2 . In a similar manner, the expected excess e a p and shortage e a p of the imbalance energy can be written as e
( 5.4) With these definitions, the reward functions are given as above in (2.1). More specifically, having introduced the rewards
and assuming that at maturity date T the entire energy from storage capacity can be sold at the forward market, the scrap value is given by
Finally, let us assume that the buy/sell grid prices are constant and deterministic Π t = Π, Π t = Π, t = 0, . . . , T, with 0 < Π < Π to define the reward functions by
for all a ∈ A, p ∈ P and (z (1) , z (2) ) ∈ R 2 . Finally, introduce the scrap value by
Note that with the definitions (5.5), (5.6) and (5.1) our problem of battery storage control is uniquely determined, whose numerical solution is demonstrated in the next subsection.
A Case Study
Let us suppose that the battery level are equidistantly discretized with p = 0 MWh, p = 100 MWh, and ∆ = 5 MWh. Furthermore, we assume that energy retailer chooses actions a ∈ A = {1, 2, . . . , 11} with corresponding safety margins l(a) = 5(a − 1) MWh for all a ∈ A. Further, consider the time horizon of a week at half-hourly frequency i.e t = 0, 1, . . . , 335 = T and define the autoregressive state dynamics as above, with by µ = 0, σ = 0.5 and φ = 0.9. To describe seasonality, we assume that the affine linear functions are given by
with deterministic coefficients u t = 10+cos( Assume that the standard deviation of the consumer's demand prediction error is ς = 10 and define grid prices by Π = 20 and Π = 0, respectively. With these quantities, we apply Algorithm 4.1 to a state space grid G containing 501 points equally distributed on the line connecting the points (1, −15) and (1, 15) . Furthermore, we discretize the Normal distribution in the disturbance matrices in terms of 10000 equidistant quantiles. The solution diagnostics in Table 1 is generated by Algorithm 4.2 with 100 sample paths for the price and 100 subsimulations for each path at each non-terminal decision epoch. All results are obtained using authors' R package [19] . We obtained tight bounds and low standard errors, which certify that our results are sufficiently close to the true solution. Figure 4 illustrates the policy values and the decision structure of our nearly-optimal policy. Finally, let us discuss a typical economic application. Having solved the problem of optimal operational management, the questions of investment and capacity allocation can be addressed. Here, the first step is an estimation of the random revenue profile, followed in the second step by a detailed risk analysis from potential side effects of operational flexibility on the entire portfolio of existing physical and financial assets. Thereby, the hedging value of flexibility (see [12] ) is essential. In our study, we illustrate this first step using MonteCarlo simulations. Having calculated the revenue of our approximately optimal strategy on 10000 randomly generated path scenarios, its density histogram is plotted in the left plot of Figure 5 for different starting storage levels. In line with our expectations, we observe in this figure that a higher initial battery level yields a higher cumulated reward. This is also seen from the left plot of the Figure 4 which shows that the value function at any price is increasing in 
95% Confidence Interval for Different Battery Capacities
Battery Capacity MWh Value Figure 5 : The left plot shows the histogram of the cumulated rewards on 10000 sample paths for different starting levels using the prescribed policy. The right depicts two curves, enclosing the 95% confidence region for the cumulated reward, depending on storage capacity.
storage level (which correspond to different curves). The right graph of Figure  4 indicates that a higher initial storage level also yields a lower safety margin in the optimal strategy at the initial time.
Remark:
1 The right plot in Figure 5 shows the dependence of the cumulated rewards on the battery size. In this graph, we gradually increase the capacity from 5 MWh to 100MWh and determine the value function for an initially empty storage (for φ = 0.9, z (2) 0 = 0). The concave curve depicted in this graph shows that the value grows with the capacity at a rate which is steadily decreasing. Such insight may be very valuable in practice. For instance, the optimal size for battery deployment would typically result from equating the marginal value of the storage to its marginal cost. Notice however, that the true practical value of such optimization usually stems from risk hedging effects within agent's energy generation portfolio, whose analysis now becomes possible, using a reliable strategy optimization provided by our concepts.
Optimal Trading and Storage
In this section, we discuss the impact of storage facility on optimal energy trading. Recall that in our model, the agent indirectly controls the storage level in terms of energy trading. The point is that the storage absorbs some (if not all) of any unexpected demand which adds some flexibility in the price choice when energy is purchased. To this end, we investigate the impact of battery size, comparing a small (5MWh) against large (100MWh) storage. In our state dynamics (5.1), the parameter φ controls the speed of mean reversion for the energy price. Thereby, the lower levels of φ lead to stronger mean reversion with more frequent return to the seasonal price component of the price. Table 2 compares the expected cumulated rewards for a small battery with 5 MWh capacity against a large battery of size 100 MWh under the assumptions that both batteries are initially empty. This table shows that there is a very substantial benefit of extra storage capacity for all levels of mean reversion. However, mean reversion seems to have very little impact on the expected cumulated rewards. Further, Figure 6 illustrates the role of storage capacity for energy purchase. Here, we depict the difference between the safety margins optimally entered at time t = 0 for empty storage. We observe that having a large battery capacity allows to buy more energy in advance. Note also that this effect decreases with increasing price. Thereby, the impact of mean reversion parameter is low again.
Finally, we examine in Figure 7 the averaged behavior (on 10000 scenarios) of safety margins in dependence on storage capacity for different mean reversion parameters. In line with the previous observations, the speed of mean reversion seems to have only little impact. Remarkably, there is a clear seasonal pattern in the difference of optimal safety margins. This is caused by the seasonal nature of prices as shown in Figure 3 . Namely, for large storage capacity, the optimal trading follows price seasonality stronger than if the storage is small. This issue is also obvious from Figure 8 which shows that for large capacity it is optimal to keep a certain intermediate level whereas small storage must be filled right at the beginning to hedge against unexpected demand fluctuations. We also observe that close to maturity there is an attempt to fill the storage in order to benefit from price at the end of the time period. Remark:
2 In our finite horizon setting, three phases are observable from Figure  8 . After an initial charge to an "optimal intermediate level", the battery is used to absorb unexpected demand/supply fluctuations while remaining close to this level. However, closer to maturity, the storage is further filled to take advantage of the price at the end of the time horizon. On this account, it is important to compare the portion of the cumulative reward which results from intermediate 
With this change, any energy remaining at the end is worthless. Table 3 compares the expected cumulative rewards of the original (5.6) problem to that with (6.2) for different storage capacities. It is not surprising that a larger battery allows exploiting the remaining energy to a greater extent. However comparing both columns in this table, we observe that a very significant part of the battery value results from the energy balancing.
Future Research and Conclusion
Electrical storages have the potential to essentially change the nature of electricity trading and may have profound impact on energy price dynamics. This paper provides quantitative concepts to better understand and analyze this development. We demonstrate that using our algorithmic approach to battery storage management, a detailed and accurate strategy optimization is possible.
Further details, such as modelling uncertainties in grid prices, costs of deep discharge affecting battery's life time, and stochastic futures price dynamics can be incorporated. The authors will address these exciting topics in future research.
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A R Script for Table 1 The following code was used for Table 1 . On Linux Ubuntu 16.04 with Intel i5-5300U CPU @2.30GHz and 16GB of RAM, the script below takes less than 20 seconds to run and requires the installation of the 'rcss' package [19] .
The first part of the script returns the value function approximations using Algorithm 4.1. It takes roughly 5 seconds to run. 
